A dispersion relation is derived for resistive modes of arbitrary parity in a tokamak plasma. At low mode amplitude, tearing and twisting modes which have nonideaf magnetohydrodynamical (MHD) behavior at only one rational surface at a time in the plasma are decoupled via sheared rotation and diamagnetic flows. At higher amplitude, more unstable "compound" modes develop which have nonideal behavior simultaneously at many surfaces. Such modes possess tearing parity layers at some of the nonideal surfaces, and twisting parity layers at others, but mixed parity layers are generally disallowed. At low mode number, "compound" modes are likely to have tearing parity layers at all of the nonideal surfaces in a very low-p plasma, but twisting parity layers become more probable as the plasma fi is increased. At high mode number, unstable twisting modes which exceed a critical amplitude drive conventional magnetic island chains on alternate rational surfaces, to form an interlocking structure in which the 0 points and X points of neighboring chains line up.
INTRODUCTION
The study of resistive instabilities in tokamak plasmas is important because long wavelength resistive modes are thought to be responsible for current terminating disruptions, '-5 which are of particular concern in the ongoing International Tokamak Experimental Reactor (ITER) Engineering Design Activity,' whereas short wavelength resistive modes may give rise to stochastic magnetic field lines and, hence, anomalous transport of energy and momentum.7
In a recent paper, Fitzpatrick, Hastie, Martin, and Roach' (henceforth referred to as FHMR) investigated the stability of coupled long wavelength resistive modes in a tokamak plasma. It was found that differential rotation of rational surfaces in a high temperature device effectively decouples low amplitude modes, so that they only reconnect magnetic flux at one surface in the plasma, and behave ideally at the remaining surfaces. However, above a threshold mode amplitude, the rational surfaces start to "lock" together, permitting modes to develop which simultaneously reconnect flux at more than one surface. Such modes are always more unstable than the uncoupled modes.
The analysis of FHMR is restricted to the study of tearing parity modes, for which the perturbed normal magnetic field is even across resonant layers. In principle, however, there is no reason why modes of the opposite parity-socalled twisting modes-should not also be present. The stability of twisting parity modes is usually studied using the well-known "ballooning transformation."' Unfortunately, the resulting analysis, which takes place in an abstract "ballooning space," is only valid at very short wavelengths and is aIso difficult to reconcile with the conventional analysis of coupled tearing modes, which takes place in real space. Recently, however, Connor, Hastie, and Taylor" (henceforth referred to as CHT) have shown how ballooning analysis for low-p resistive modes can be performed in real space, and have developed a formalism which is valid at arbitrary wavelength.
The aim of this paper is to combine the analyses of FHMR and CHT and thereby investigate the stability of resistive modes of arbitrary parity in a differentially rotating tokamak plasma. It is of particular interest to ascertain under what circumstances the conventional approach of neglecting twisting parity modes at long wavelengths," and tearing parity modes at short wavelengths,? is valid.
II. THE DISPERSION RELATION FOR COUPLED TEARING AND TWISTING MODES

A. introduction
The analysis of resistive instabilities in a high temperature tokamak is generally facilitated by dividing the plasma into two regions.t2 In the "outer" region, which comprises most of the plasma, a general instability is governed by the equations of ideal magnetohydrodynamics (MHD), which are equivalent to the requirement of force balance in an incompressible, perfectly conducting fluid.13 The "inner" region is localized around so-called rational flux surfaces, where the helical pitch of equilibrium magnetic field lines resonates with that of the instability. The ideal-MHD equations are, in fact, singular at the rational surfaces. The physical solution is obtained by asymptotically matching the outer solution across a set of thin layers centered on the rational surfaces. In these layers nonideal effects such as plasma resistivity, inertia, viscosity, and compressibility are important.
In the immediate vicinity of a nonideal layer the instability is conveniently described in terms of the resonant plasma displacement (p(x) and perturbed poloidal magnetic flux @(cl(x) , where x is the radial distance from the rational surface (see Appendix B) . Most layer equations are parity conserving; i.e., they are invariant under the transformation x--t -x, sb, + (p, I,&-+ + (G: This implies that the twisting parity mode [4(--x) = 4(x), 3/( -x) = -e(x)] completely decouples from the tearing parity mode [$(-x)= -4(x), +I( -x)= #(x)1 inside the layer. However, the ideal-MHD equations in the outer region are not parity conserving because of radial gradients in the equilibrium plasma current and pressure, as well as the underlying toroidal geometry. This leads to the coupling of tearing and twisting modes in the outer region. Moreover, toroidicity and flux surface shap-ing lead to the coupling of different poloidal harmonics in the outer region. Thus, asymptotic matching between the inner and outer regions is a complicated procedure which involves the simultaneous matching of many poloidal harmonics in the outer region to tearing and twisting parity layer solutions at the various rational surfaces in the plasma.
The layer equations are most easily solved in Fourier transform space.14 Let &k) be the Fourier transform of the resonant plasma displacement C#J(X) for a particular layer. The parity conserving properties of the layer allow a(k) to be split into independent even (twisting) and odd (tearing) parity components: 4(k)= 5 b+(lkl)-i 4-(lkl)sgn(k).
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The most general small-k asymptotic behavior of the transformed displacement is written"
; A+(o)lkl"-'+lkl-"+...
Here, v represents the effect of average field-line curvature in the vicinity of the layer; it is related to the well-known Mertier stability criterion a-v>0.15 The parameter A'(w) is termed the stability index for tearing parity modes, and is entirely determined by the solution of the tearing parity layer equations. In general, it is a function of the mode rotation frequency w. Likewise, A-(o) is the stability index for twisting parity modes, determined by the solution of the twisting parity layer equations. Equations (2) can be inverted to give the asymptotic behavior of the layer solution as it merges into the outer region:
4(x)= ++(lxl)+ 4-(lxlbgn(x), 
for 1dGl. In the above, 1Ir+ is termed the "tearing amplitude" and Y the "twisting amplitude." The parameter W is an arbitrary constant. In the outer region +x4, so cCl(x)=tjl+(l~I)+(CI-(IxI)sgn(x),
where 4u+*--y I
[i~~)l~V+f(~)-lA-(0)lx,l-Y
f*** +@I. I
In a low-p, large aspect ratio tokamak the Mercier index v is C(P), where ~41 is the ratio of the minor and major radii of the plasma. In the limit ~40, Eqs. (4) and (6) ~ A-(w)lxllnlxl+*** + V;*IxIi @b) Thus, in the zero-curvature limit the tearing stability index A '(o) corresponds to the jump in logarithmic derivative of fix) across the layer.12 The twisting parity stability index can be written" 7r2 X coeff. lnlxl A-(w)=-coeff. 6(1x1) '
where the coefficients refer to the expansion of C#J(X) in the vicinity of the layer. When added to the original plasma equilibrium, the tearing parity mode reconnects magnetic flux at the rational surface to produce a chain of magnetic islands. The X points form where the odd parity displacement in (7b) is directed into the layer, and the 0 points form where the displacement is directed out of the layer. The tearing amplitude 1Ir+ is sometimes termed the "reconnected flux" at the rational surface. Equations (7a) and (8b) imply that the twisting parity mode is essentially interchange-like; i.e., it is strongly localized inside the layer. The twisting amplitude Y is a measure of the localized even parity plasma displacement at the rational surface.
B. The outer solution
The physics of the outer region is discussed in detail in Appendix A. Suppose that there are N rational surfaces in the plasma resonant with toroidal mode number n. Let r1<r2<*--rN be the minor radii of these surfaces, and mlym2y-..7mN the resonant poloidal mode numbers. The most general dispersion relation for coupled tearing and twisting modes takes the form: ""6P'7 {A+(o)-E+}'P+-HW-=O, (104
{A-(o)-E-}'I--H+W+=O,
where E' is an NXN real symmetric matrix, H is an NX N real matrix, and Ht is its transpose, A '(w) is the NX N complex diagonal matrix of the A,;(w) values, and ly' is the 1XN complex vector of the 'P,s values. Here, hi+(o) is the tearing parity stability index for the layer at rational surface j, and A,:(o) is the corresponding twisting parity stability index. Also, q1+ is the tearing amplitude at surface j, and 9,: the corresponding twisting amplitude.
The Ef matrix determines the intrinsic stability and mutual interaction of tearing parity modes in the plasma. In general, it can only be evaluated by solving the full coupled ideal-MHD equations in the outer region. This can be achieved for a large aspect ratio, low-p, weakly shaped tokamak equilibrium using the recently developed ~7 code.* The basic ~7 ordering assumptions are that the Shafranov shift and departure from circularity of flux surfaces are both G(E) with respect to the plasma minor radius. This implies that ,B=popo/B;-f;;@), h w ere p. is the central plasma pressure and B, the on-axis vacuum toroidal field strength. Consider a plasma with a monotonic safety factor profile containing no rational surfaces resonant with poloidal mode number m= 1. (The restriction to m >l modes is necessary because the m=l mode generally requires special treatment in tokamak plasmas.'*) In such a plasma the diagonal elements of the E+ matrix take the form E,;=A;+P(c2),
where A: is the standard cylindrical tearing stability index for the mj/n mode (normalized with respect to rj). The offdiagonal elements of the Ef matrix are /Z(E). Coupling of tearing parity modes with poloidal mode numbers differing by unity is effected by the Shafranov shift of flux surfaces, which is driven by toroidicity and the plasma pressure. Coupling of modes with poloidal mode numbers differing by two or three is effected by flux-surface ellipticity or triangularity, respectively.
The E-matrix determines the intrinsic stability and mutual interaction of twisting parity modes in the plasma. In Appendix A it is demonstrated that the ordering v-0(& (which is consistent with the TY ordering scheme) can be exploited to greatly simplify the evaluation of this matrix. This technique, first described in CHT," allows the elements of the matrix to be calculated using a combination of local equilibrium parameters evaluated at the rational surfaces and cylindrical basis functions. For a plasma with a monotonic safety factor profile the E-matrix is diagonal, indicating that there is no direct coupling of twisting modes possessing different poloidal mode numbers. The jth diagonal element can be written
is a measure of the local pressure gradient at rational surface j. Here, R. is the major radius of the plasma, r the minor radius of flux surfaces, p(r) the equilibrium pressure profile, q(r) the safety factor profile, and the prime denotes d/dr (see Sec. 1 of the Appendix A). Note that CY~-@(E) in the ~7 ordering scheme. In Eq. (12), ej is an e(l) parameter which can be evaluated using mjt l/n cylindrical basis functions (see Sec. 6 of Appendix A). In the cylindrical limit, e-+0, the diagonal elements of the E-matrix asymptote to zero. This indicates that in the outer region twisting parity modes are intrinsically toroidal in nature." In fact, unit twisting amplitude at rational surface j drives 0~) of the toroidally coupled sidebands (with poloidal mode numbers mj ?Z 1) in the outer region, but only (;i(& of the resonant harmonic (with poloidal mode number "j) (see Sec. 6 of Appendix A). The H matrix determines the mutual interaction of tearing and twisting parity modes in the plasma. The ordering u--fl2) can again be exploited to simplify the evaluation of this matrix (see Appendix A). For a plasma with a monotonic safety factor profile the H matrix is tridiagonaf, indicating that tearing modes can couple to twisting modes with the same poloidal mode number and also with mode numbers differing by unity, and vice versa. The jth diagonal element is written Hjj' -;2 $@(E2), I where Kj= [ -qr $ [ ig [$) ]),+@(e2) (14) ( 15) is a measure of the local equilibrium current gradient at rational surface j, and Sj = (rq'/q)rj is the local magnetic shear. The element of the H matrix which couples the tearing mode resonant at rational surface j to the twisting mode resonant at surface k takes the form I-fjk= hikmiak, 06) provided mk"mj& 1. The c(l) parameter hjk can be evaluated using miln cylindrical basis functions (see Sec. 5 of Appendix A).
C. The inner solution
The physics of the inner region is discussed in detail in Appendix B. The basic aim of this study is to derive the simplest possible expressions for the tearing and twisting parity layer dispersion relations which retain certain fundamental pieces of physics. For instance, plasma perpendicular viscosity is considered to play a very significant role in resonant layers, so much of Appendix B is devoted to a systematic study of the effect of viscosity on single-fluid layer physics (see Sec. 1 of Appendix B). Plasma compressibility is particularly important because it differentiates between tearing and twisting parity layers and is, of course, a vital element in the physics of twisting parity interchange modes (see Sec. 2 of Appendix B). Plasma differential rotation and multifluid effects are even more important because they cause twisting and tearing modes to resonate at different frequencies, thereby profoundly affecting their mutual interaction" (see Sec. 3 of Appendix B). Many other effects, such as field-line curvature,20 semicollisionality,2' and trapped particles,22 which are not considered to play a vital role in the mutual interactions of tearing and twisting parity modes, are neglected for the sake of clarity.
According to Appendix B, the tearing parity layer dispersion relation at rational surface j takes the form A,?(W)=-~(o-oJ~)T~, (17) and the associated twisting parity dispersion relation is well approximated by
and A;=2.104#=
In the above, TH(r) = (R,IBe)~~/ns(r) is the hydromagnetic time scale, TV = ,uu,r2/ Q$') the resistive time scale, ~-~~)=r~p(r)l/.~~(r) the viscous time scale, and Tj the reconnection time scale at surface j. Here, p(r) is the plasma mass density, q,(r) the parallel resistivity, ,CQ(T) the perpendicular viscosity, and s(r) = rq'/q the magnetic shear.
The parameter Pi= 3/s~op(rj)/B~ is a measure of the stabilizing effect of plasma compressibility at surface j, where y$ is the standard ratio of specific heats. In Eqs. (17) and (18), w is the mode rotation frequency [all layer quantities are assumed to vary like exp(-iot)], wl$ is termed the natural frequency for tearing parity modes at surface j, and 0,: is the corresponding natural frequency for twisting parity modes. Both natural frequencies are determined by local equilibrium plasma flows. Broadly speaking, ojf is the sum of the EAB and electron diamagnetic frequencies at surface j, while w,: is the EAB frequency. The above dispersion relations are valid provided (214 @lb) (214 In Eq. (18) , AT is the critical twisting parity stability index required to overcome the stabilizing effect of plasma compressibility in the jth layer. It is convenient to regard -Ai as the cylindrical part of the outer matrix element E,?, so that
[see Eq. (12)]. The twisting parity dispersion relation (lob) is invariant under the above transformation. According to this reformulation of the dispersion relation, the layer response of twisting modes [i.e., Eq. (22a)] is analogous to that of tearing modes [i.e., Eq. (17)], apart from the difference in natural frequencies. Note also the similarity of Eqs. (11) and (22b). Clearly, in the cylindrical limit twisting modes act very much like srable tearing modes. The cylindrical part of the twisting parity stability index (22b) is determined in the inner, rather than the outer, region because in a cylinder twisting modes are entirely localized within the various resonant layers.
D. Electromagnetic and viscous torques
The nonlinear toroidal electromagnetic torque acting at rational surface j is given by since E+ and E-are symmetric, so there is zero net electromagnetic torque acting on the plasma.
The electromagnetic torques which develop in the plasma modify the bulk toroidal rotation.8,23V24 (It is assumed that any modifications to the bulk poloidal rotation are prevented by strong poloidal flow damping.) Such modifications are opposed by the action of perpendicular plasma viscosity. For a steady-state plasma, the change in the toroidal angular rotation velocity Q+(r) satisfies8' 23'24 (2.9 The toroidal rotation of the plasma is assumed to be "clamped" at the edge (~=Lz),'~,~ so that fI,(a)=O. The viscous restoring torque which develops in the vicinity of rational surface j is written In a steady-state plasma the viscous and electromagnetic torques must balance at every rational surface, giving
for j= 1 to N. Finally, the changes induced in the plasma toroidal angular velocity profile Doppler shift the natural frequencies of the various resonant layers, so that +W,f-na&j),
where w,; now denotes the natural frequency in the unperturbed plasma.
E. Summary
Sections II A-II D described the basic elements of the stability analysis for resistive modes of arbitrary parity in a tokamak plasma possessing sheared rotation and diamagnetic flows. In the following sections, these elements are employed to investigate the stability of both long wavelength and short wavelength modes. 
with the aid of Eqs. (17) and (22a). Here, q: is the tearing amplitude at the rational surface, VIr; the twisting amplitude, it the reconnection time scale, W: the natural frequency of tearing parity modes, and 07 the natural frequency of hvisting parity modes. Also, E;,=A~+@=),
rK1 (14), and (22b)], where A: is the mtln cylindrical tearing stability index, AT>0 is a measure of the ideal-MHD free energy needed to destabilize the resistive interchange mode, K~ is proportional to the equilibrium current gradient at the rational surface, and st is the local magnetic shear.
B. Effect of diamagnetic flows
The difference between the natural frequencies of tearing and twisting parity modes at the rational surface is of order the local electron diamagnetic frequency, implying that ]w: -w;]rt%-1 in a typical high temperature tokamak plasma. 19,23 In this limit, the dispersion relation (29) 
C. Effect of no diamagnetic flows
If the rather unphysical limit 10: -&jr161 is adopted the dispersion relation (29) has two roots with where w=wf +i y. Thus, if there is no substantial difference between the two natural frequencies, the tearing and twisting parity modes merge to form two hybrid modes. The "tearing/ twisting" hybrid [ + sign in (33) ] has the larger tearing component, and is more unstable than either of the pure parity modes. ] has the smaller tearing component, and is more stable than either of the pure parity modes.
D. Conclusions
The difference in the natural frequencies of tearing and twisting parity modes in a conventional tokamak plasma leads to the effective decoupling of the two parities, giving rise to a pure tearing parity mode whose stability is determined by the standard tearing stability index (i.e., ET,), and a pure twisting parity mode which is always stubZe at low n. If there is no difference in natural frequencies, the tearing and twisting parity modes merge to form two hybrid modes with more complicated behavior.
IV. STABILITY OF A PLASMA CONTAINING TWO RATIONAL SURFACES
A. Linear stability Consider a plasma containing two rational surfaces, radii rl and r2 (r t <r2), resonant with poloidal mode numbers mt and ml-l-1, respectively. In this case, the dispersion relation (36), there is a pure tearing and a pure twisting parity mode associated with each rational surface in a plasma possessing sheared rotation and diamagnetic flows. The tearing mode associated with surface j (j = 1 or 2) only has finite tearing amplitude at this surface, rotates at the appropriate natural frequency (CO,?), has its stability determined by the jth diagonal element of the Ef matrix (Ei), and evolves on the local reconnection time scale (rj).
The twisting mode associated with surface j only has finite twisting amplitude at this surface, rotates at the appropriate natural frequency (a,:), has its stability determined by the jth diagonal element of the E-matrix (E,;), and also evolves on the local reconnection time scale (q). Note that twisting parity modes are always stable at low n, because the diagonal elements of the E-matrix are always negative.
Nonlinear stability
Suppose that the tearing mode associated with surface 1 is linearly unstable (i.e., Eh>O), whereas that associated with surface 2 is stable (i.e., E&CO). Let 1Ir: be the nonlinearly saturated26 tearing amplitude at surface 1, and let w be its rotation frequency.
According to Eqs. 
so the viscous restoring torques acting at the two rational surfaces take the form
The changes induced in the toroidal velocity profile Doppler shift the mode rotation frequency, which in the unperturbed plasma is equal to the natural frequency of tearing parity modes at surface 1, giving o=w:--nfib(rl) (43) is crossed in the direction of increasing yf and y-. This critical curve is plotted in Fig. 1 for various values of the unperturbed (normalized) mode frequency f r . The solution can either bifurcate to the tearing resonance at surface 2 (f =l), or the associated twisting resonance (f=O Clearly, bifurcation or "locking" to the tearing resonance at surface 2 leads to the close coincidence of the mode frequency, W, and the natural frequency for tearing parity modes, CSJ~ 1 After locking, substantial tearing amplitude is driven at surface 2 and the original mode consequently becomes more unstable [i.e., A: increases--see Eq. (45d)], Likewise, locking to the twisting resonance leads to the close coincidence of w and 4, with substantial twisting amplitude driven at surface 2 and an associated destabilization of the mode [see Eq. (46d)]. According to Fig. 1 and Eqs. (42), locking occurs to either the tearing or twisting resonance at surface 2 depending on the value of the unperturbed mode frequency (w:) and the relative strengths of the coupling coefficients E& and HI,. in fact, locking always occurs to the twisting resonance for o:<e, whereas locking always occurs to the tearing resonance for w:>&.
Here, it is assumed that 4 -(LEt>O for the sake of definiteness. For &>w:>%, locking to the twisting resonance takes place provided and locking to the tearing resonance occurs when the converse is true. Of course, locking to either resonance can only take place once the mode amplitude I*;] has exceeded a critical value of order A [see Eqs. (42), (43) At small, but finite, b' it is possible for either the tearing or the twisting resonance at surface 2 to "disappear" if the associated mode becomes too stable. A resonance effectively ceases to exist once there is no associated zero in the normalized electromagnetic torque [i.e., in the left-hand side of (41)]. This follows because at high mode amplitude (i.e., y ++l and y-%1) the system can only "lock" to a frequency which lies very close to a zero of the normalized torque. It is easily demonstrated that the tearing resonance at surface 2 disappears when whereas the twisting resonance disappears when E f 2
c-E 12
Equations (37b), (37c), (42a), and (42~) yield
( 504 (5Ob) so it can be seen by comparison with (45b), (45c), (46b), and (46~) that the linear suppression of driven tearing and twisting amplitude at surface 2, due to sheared rotation and diamagnetic flows, only occurs when the parameters b+ and bare much less than unity, respectively.
C. Conclusions
The above analysis can be extended to deal with the case of three or more rotational surfaces in the plasma in a relatively straightforward manner. In the linear regime the conventionala" neglect of twisting parity modes in the dispersion relation for low-n modes is justified, since these modes are always stable. However, in the nonlinear regime twisting modes cannot be neglected in the dispersion relation, since unstable tearing modes can access additional free energy by coupling to stable twisting modes.
V. STABILITY OF A PLASMA CONTAINING MANY RATIONAL SURFACES
A. introduction
Consider the stability of high-n modes for which there are many closely spaced rational surfaces in the plasma. In the vicinity of rational surface i, radius rj, resonant with poloidal mode number mj, the safety factor profile can be expanded q(r)'qj(l +SjX+***), (51) where x=(r-rj)/rj ,qj=q(rj), and sj=s(rj).
The minor radii and resonant poloidal mode numbers of the neighboring surfaces are then given by
B. The E+ matrix at high n Consider the behavior of the ideal-MHD equations (A6) in the high-n limit. Suppose that
where ~~ is the current gradient parameter at surface j [see Eq. (15)]. Expansion in the inverse aspect ratio, 6, yields
Ib-Zj(r)= ( ~:~:~$ij, 'zzij (54) to lowest order, where the cylindrical tearing basis solution Rj(r) is defined in Sec. 5 of Appendix A. The cylindrical tearing stability index for the mj/n mode takes the form"
so at high n the diagonal elements of the E ' matrix reduce to
[see Eq. (ll)]. Clearly, high-n tearing modes are intrinsically very stable (i.e., E,;+ -1).
Expansion of the ideal-MHD equations to first order in E gives the following expression for the off-diagonal elements of the E + matrix: 27'28 r d&tj r dtiZ. 
Here, (R, 4,Z) are standard cylindrical polar coordinates (with Z in the direction of the toroidal symmetry axis), R. is the plasma major radius, r is a radius-like flux-surface label, o is the poloidal angle about the magnetic axis (r=O), A(r) is the Shafranov shift of flux surfaces, E(r) is the fluxsurface ellipticity, and Z'(r) is the flux-surface triangularity. The outermost plasma flux surface lies at r = a, where a is the plasma minor radius. The ordering assumptions are that ~a/RoGl, and A(u), E(u), T(u)-@~a). After consider-able algebra, Eqs. (52), (54), (57), and the expressions for the coupling coefficients contained in FHMR, yield (59) where Aj=A(rj), Ej=E(rj), Tj=T(rj), and the prime denotes d/dr, with oj given by Eq. (13). In the above,
where y is Euler's constant and E r (x) is a standard exponential integral function.29 Clearly, the diagonal elements of the Ef matrix are /'imj), whereas the off-diagonal elements are P(emj). Note that Eiak is negligible for k>3.
C. The H matrix at high n The diagonal elements of the H matrix can be written according to Eq. (A40). The off-diagonal elements take the form HjjklZ ?Ernj@j 2T(2+Sj)eXP
Af(w) Wf=Ei+jW'f+Hjj+1W'j+1 where use has been made of Eqs. (52), (54), and (A48).
Thus, the diagonal elements of the H matrix are c(l), whereas the off-diagonal elements are ~~anj). Note that . .
Hjjtk IS neghgrble for k>l.
D. The E-matrix at high n At high IZ the cylindrical basis solutions emj+ ,(r) and gii 1(r)r defined in Sec. 6 of Appendix A, can be built up out of a linear combination of Pi and rwMi. It is easily demonstrated that Akit,= -AEj-1zmj7 (63) A&-,= -A$,=rn.
where use has been made of Eqs. (52) and (A53). Thus, according to Eqs. (22b) and (A56) the diagonal elements of the E-matrix take the form t2+sj) si Clearly, high-n twisting modes can become intrinsically unstable (i.e., Ej<>O) provided Zmj-c(l).
Note that Ejjtk is negligible for k>O.
E. The dispersion refation at high n
The dispersion relation for coupled tearing and twisting modes at surface j is written [see Eq. (lo)]:
which is consistent with Eqs. (53) and also allows twisting modes to become intrinsically unstable. It follows from Sets.
Ejj-C (1) for lsks3, with all other matrix elements negligible in the adopted ordering scheme. Suppose that 
+ Hj _ 1 jY';l. * + Ff ET, ' ) with the aid of Eqs. (66) and (67). Thus, at high n the direct coupling between tearing modes (Le., the off-diagonal elements of the Et matrix) can be neglected with respect to the coupling between tearing and twisting modes (i.e., the offdiagonal elements of the H matrix). The dominant coupling is that between tearing and twisting modes whose poloida mode numbers differ by unity. According to Eqs. (23) and (69), the electromagnetic torque acting at surface j is given by 2n Ii-2&J &T$EM( rj) = -PO XIm[Hjj+l*,y+l(TfI* Equations (69) govern the behavior of tearing and twisting modes at a general rational surface j. An analogous set of equations can be written for all of the neighboring rational surfaces, giving rise to a net dispersion relation consisting of a very large number of coupled equations. However, this dispersion relation can be greatly simplified by noting from Eq. (52a) that at high n the coupled rational surfaces are very closely spaced. Suppose that the surfaces are sufficiently close together that there is very little variation in equilibrium parameters from surface to surface. Then, E,j-E,'(r)= -2nq, (714
E,;=E,(r)= -AC(r)+ 4s (7Ic) for rational surfaces in the vicinity of minor radius r, where use has been made of Eqs. (56), (62) 
If122 and
then Eqs. (69) and (70) 
{A;(w)-E~~}'P;=~H~'P\I-';,
{A;(w)-E,}'P;= -2H&,
Thus, according to Eqs. (72), at high n coupled twisting and tearing modes form a nonlocalized periodic structure which repeats every fourth rational surface. According to (73), equal and opposite electromagnetic torques act on alternate rational surfaces. These torques modify the plasma toroidal velocity profile. Let
where t&&r,) is the change in the plasma toroidal angular velocity at surface k, then balancing viscous and electromagnetic torques in the plasma gives 4*2RoX~u,R~x2nqs~o=To,
where pL(r) is the plasma perpendicular viscosity, and use has been made of Eqs. (25)- (27), (52a), and (73).
F. Linear stability at high n
The analysis of the linear stability of Eqs. (75) in a plasma possessing sheared rotation and diamagnetic flows yields decoupled tearing and twisting modes whose stability is determined by Ei and EC, respectively (see Sec. IV). The tearing modes are found to be very stable, since E,f e--1 at high n [see Eq. (71a)], whereas the twisting modes become unstable for n sufficiently large to ensure that E,>O [see Eq. (7W G. Nonlinear stability at high n Consider the nonlinear stability of linearly unstable twisting modes. The changes induced in the toroidal velocity profile by the electromagnetic torques Doppler shift the natural frequencies of twisting modes so that modes on alternate rational surfaces rotate differentially. Thus, modes on "even" surfaces (i.e., j, j+2, etc.) rotate at w=w-(r)-i f&(r),
whereas those on "odd" surfaces (i.e., j + 1, j 23, etc.) rotate at o=o-(r)+ 5 Cl,(r)
[see Eqs. (28) and (77)]. In the above, w-(r)Eti,y(rj-+r) is the natural frequency of twisting parity modes resonant close to minor radius r in the unperturbed plasma. The modifications to the plasma toroidal velocity also Doppler shift the natural frequencies of tearing modes, which become m+(r)-(n/2)fi,,(r) at even surfaces and w'(r)+(nl 2)fla(r) at odd surfaces. Here, ~+(r)~~f(rj--+r) is the natural frequency of tearing parity modes resonant close to radius r in the unperturbed plasma.
According to Eq. (75a), the twisting amplitude at odd rational surfaces drives corotating tearing amplitude at even surfaces, so that
where use has been made of (17) and (80). In the above, 7(r)= Tj(r,-+r) is the reconnection time scale for rational surfaces located close to minor radius r. Likewise, according to Eq. (75c), the twisting amplitude at even surfaces drives corotating tearing amplitude at odd surfaces, with *:
It follows from (76), (81), and (82) 
then according to Eqs. (81) and (82) the tearing amplitudes driven at the even and odd rational surfaces are given by
Note that the above equations are consistent with the ordering assumption (68). In addition, Eqs. (84) and (85) yield
where use has been made of (71). Finally, the torque balance equation (78) reduces to
with the aid of Eq. (83). According to Eqs. (87), twisting modes at the even and odd rational surfaces share the stability index Re(AiJ=Re(Ar)=-AC+ $%
in the linear regime (i.e., f=O). This suggests that the twisting fluxes at both sets of surfaces have the same initial amplitudes. Suppose that
and yo=y,=y=/~-~2,'A2.
Now, the left-hand side of Eq. (89) represents the normalized electromagnetic torque, r&f ), acting at rational surfaces, whereas the right-hand side represents the viscous restoring torque, tvs(f ). The roots of (89) are equivalent to the stationary states of an imaginary particle located at coordinate f and moving in the potential
Thus, stable stationary states are characterized by V'(f ) =0 and V"(f )CO. Equations (89), (92), and (93) yield
It is easily demonstrated that f=O is always a stationary state of the potential (94), but is only stable for
For b<t/Z-1, the solution bifurcates to either f=-k (94) for all values of y .
H. Discussion
The nonlinear behavior of high-n h&ting modes is governed by the parameter b, defined in Eq. (86b).
Consider the limit b-+1, for which the difference in natural frequencies of tearing and twisting modes is sufficiently large to suppress driven magnetic reconnection in the unperturbed state. In fact, it can be seen from Eqs. (87) and (90) that in the unperturbed state v=O) there is very little tearing amplitude driven at rational surfaces, and the twisting mode stability index consequently reduces to
The system remains in the unperturbed state as long as the magnitude of the twisting amplitude ]1v-1 lies below the critical value A, defined in Eq. (86~). As the critical amplitude is exceeded there is a sudden change in the plasma toroidal angular velocity profile such as to bring the twisting frequency at one set of rational surfaces (either the "even" or the "odd" surfaces defined in the previous section) into close coincidence with the tearing frequency of the other set (i.e., f-1 or f=-1). This process is (rather loosely) termed "locking." After locking, substantial tearing amplitude is driven at one set of surfaces-the even surfaces, say-so that according to Eqs. (87)
while there is still very little driven tearing flux at the odd surfaces. The stability index for twisting modes at the odd surfaces becomes R~(A;)z-A~+ ;G ow after locking, whereas the stability index at the even surfaces is unchanged [see Eqs. (88) and (98)]. Thus, above a certain critical twisting amplitude there is a transition from an initial state which is symmetric with respect to the even and odd rational surfaces, to a final state which is highly asymmetric. There are no driven magnetic islands in the initial state, whereas the final state is characterized by magnetic islands on alternate rational surfaces.
According to Eqs. (72) and (99), the driven islands form an interlocking structure in which the 0 points of a given island chain line up with the X points of the neighboring chains.
This structure repeats every fourth rational surface. The initial and final states are sketched in Fig. 2 . In the initial state twisting modes on all rational surfaces have the same stability index [see Eq. (98)]. However, in the final state twisting modes on the rational surfaces with no driven magnetic islands become significantly more unstable than those on surfaces with islands [compare Eqs. (98) and (loo)].
Consider the limit 6%1, for which the differences in the natural frequencies of tearing and twisting modes are too Before the bifurcation all the rational surfaces possess local twisting parity. After the bifurcation alternate rational surfaces possess local tearing parity (outside the resistive layers), leading to the formation of interlocking magnetic islands. In both cases the structure repeats after every fourth rational surface.
small to suppress driven magnetic reconnection. In this limit, there is no modification to the plasma toroidal velocity profile. According to Eqs. (87) and (88), substantial tearing amplitude is driven on both sets of rational surfaces, and twisting modes on all surfaces have the stability index (100). If the mutual coupling between tearing modes, which was previously neglected, is taken into account it is found that the islands on odd surfaces lock in phase quadrature with respect to those on even surfaces, giving rise to a symmetric configuration in which there is a n/2 phase shift between island chains on neighboring surfaces. This state, which is sketched in Fig. 3 , is that predicted by conventional ballooning mode theory.30 The 7r/2 phase shift between island chains corresponds to 0,=m/2, where 0, is the ballooning phase angle, and Eq. (100) is equivalent to ,
where AA is the ballooning stability index. It is clear that ballooning mode analysis is only valid in the limit where there is no substantial difference between the natural frequencies of tearing and twisting parity modes (i.e., bB1). Note that the mismatch between the twisting and tearing frequencies, w--o+, scales like a diamagnetic frequency (i.e., like n). It follows from (86b) that the parameter b is approximately independent of mode number (there is, in fact, some weak dependence of the reconnection time scale r on n). This implies that b41 is the physically relevant ordering for high-n modes, just as it is for low-n modes (see Sets. III and IV). It can be seen from Eq. (86~) that the threshold amplitude scales like n -*" So, at sufficiently high mode . numbers there are bound to be magnetic islands driven in the plasma by unstable twisting modes. It follows from Eq. FIG. 3. The plasma displacements associated with a high-n global resistive instability in the limit where the difference between the natural frequencies of tearing and twisting modes is negligible. The dashed lines represent rational surfaces. All of the rational surfaces possess local tearing parity (outside the resistive layers), leading to the formation of magnetic islands on every surface. The structure repeats after every fourth rational surface.
that when the threshold amplitude is exceeded the driven tearing amplitude is f;(e) with respect to the twisting amplitude.
I. Conclusions
In the linear regime the conventional neglect of tearing parity modes in the high-n dispersion relation7 is justified because high-n tearing modes are very stable and are effectively decoupled from high-n twisting modes via diamagnetic flows. However, in the nonlinear regime the neglect of tearing parity modes is not justified. It has been demonstrated that in a plasma possessing diamagnetic flows there is a threshold amplitude for twisting modes below which there are no driven high-n magnetic islands. As the threshold is exceeded, however, substantial magnetic islands are driven on every second rational surface, giving rise to an interlocking structure which repeats every fourth surface. Conventional ballooning analysis3' is found to give a poor description of coupled high-n tearing and twisting modes in situations where diamagnetic flows are important.
VI. IMPLICATIONS FOR OHMICALLY HEATED TOKAMAKS
The aim of this section is to make some quantitative predictions regarding the stability of low-n coupled tearing and twisting modes in Ohmically heated tokamaks. (I",,) , the centril ion tempera&e (Tic), and the central plasma beta (,L$ Reactor) (R,-6.0 m, a-2.2 m, B,-4.9 T), 35 and ITER (1993) (R,-8 .0 m, a-2.8 m, Bo-6.0 T).a6 Plausible temperature and electron density profiles are adopted [i.e., T(r)K( 1 -r2/a2)3'2 and n,(r) x dm, which imply a parabolic pressure profile p(r)a( 1 -r2/a2)2]. The central electron temperature is estimated from Ohmic power balance, using the standard neo-Alcator energy confinement time scalee3? No provision is made for the neoclassical enhancement of resistivity or the shaping of plasma cross sections, but this is offset to some extent by adopting an artificially high value of Z,, (i.e., Z,n=4). The central ion temperature is estimated by balancing the volume-averaged rate of heating by the electrons, calculated using the classical energy exchange time scale, against the volume-averaged rate of energy losses, calculated using the neo-Alcator energy confinement time scale. The viscosity profile is assumed to be flat (for want of a better assumption), and the anomalous momentum confinement time scale (i.e., the exponential decay time scale of an unsupported velocity profile) is set equal to the neo-Alcator energy confinement time scale.23 The discharges investigated have deuterium as the fueling ion species and a line-averaged electron number density r7 =2X 1019 rnT3. The adopted safety factor profile is that discribed in FHMR,8 which reduces to Lir(r)=b r21a2 1 -(1 -r21a2)*a 'qO (102) in the cylindrical limit, where go is the safety factor on the magnetic axis (r =0), and qa is the safety factor at the plasma edge (r = a). In the following calculations the central q value is fixed at qo=0.7. Table I shows basic plasma parameters, including the central electron and ion temperatures and the central beta [p,= ,u+,-,p(O)/B$], estimated as a function of major radius, using the method outlined above, for discharges with qa =4.5.
Consider the interaction of the unstable m=2 tearing mode with the stable m =3 tearing and twisting modes. The former mode is resonant at the q=2 surface (radius r2=0.658a, with magnetic shear s2=l.74), whereas the latter modes are resonant at q=3 (r3=0.816a, s3=l.98). The presence of a q=l surface in the plasma (r,=0.366a, s,=O.694) strongly modifies the stability of the 2/l tearing mode due to coupling with the l/l infernal kink mode, but TABLE II. Various plasma parameters evaluated at the q=3 surface as a function of major radius R,, (in meters) using data from Table I . The parameters are the hydromagnetic, resistive, viscous, and reconnection time scales (TV is in units of 10e7 s, the other time scales are in milliseconds), the local beta, and the critical twisting stability index needed to overcome the stabilizing effect of plasma compressibility, the local electron diamagnetic frequency, and three other critical freauencies described in the text. AI1 frequencies are evaluated in kilohertz. does not unduly affect either the stability of the modes resonant at q =3 or the coupling of these modes to the 2/l tearing mode, provided that the plasma cross section is circular (as is assumed to be the case).l* Table II shows various interesting plasma parameters evaluated at the q=3 surface using data from It can be seen that the critical twisting stability index needed to overcome compressibility is modest in small, relatively cold tokamaks, but becomes quite high in large, relatively hot tokamaks. The difference between the natural frequencies of the tearing and twisting modes resonant at q=3 is taken to be of order the local electron diamagnetic frequency, 0: [see Sec. 3 of Appendix B], and this is also assumed to be the typical frequency mismatch between the q=2 and 3 surfaces due to velocity shear and diamagnetic flows. It follows that since 0; 4 ~(3~) ,e#) , the inequalities (21a) and (21b) are likely to be satisfied in an Ohmically heated tokamak plasma. The third inequality (21~) is also easily satisfied according to Table II . This implies that the viscoresistive dispersion relations (17) and (18), for tearing and twisting modes, respectively, are the most physically relevant in Ohmic discharges.23 Note that W; + wg, so compressibility is only important in tearing and twisting dispersion relations in a relatively narrow band of frequencies centered on the natural frequency. This justifies the absence of the compressional Pfirsch-Schliiter enhancement of inertia2' (by l+2q2) in the layer dispersion relations (see Sec. 2 B of Appendix B). Table III shows various critical parameters associated with the locking of the 2/l tearing mode to the tearing and twisting modes resonant at q=3, evaluated as a function of major radius using data from Table II. The poloidal beta (/?,) is defined in FHMR. The elements of the E + matrix are calculated as an expansion in the inverse aspect ratio and poloidal beta using the ~7 code.' For a free boundary plasma E,f=-4.631-25.26~~-3.454~~~;-29.73~~&,, E13= -6.2956+4.757X 10-2~&, .
The elements of the E -matrix and the H matrix are evaluated with the aid of a modified cylindrical tearing mode code using the method outlined in Appendix A and Sec. II B. For a free boundary plasma Eys= -A;+ 1.115$ Hz,=-1.84313,. It can be seen from Table III that E&, which governs the intrinsic stability of the 3/l tearing mode, is much less than -1, indicating that this mode is fairly stable; E& also has relatively little variation with major radius. On the other hand, E33, which governs the intrinsic stability of the 3/l twisting mode, varies strongly with major radius because of its dependence on the layer quantity As, which scales as Su3 (S= r,/r, is the magnetic Reynolds number). Thus, in small, relatively cold devices the 3/l twisting mode is moderately stable, whereas in large, relatively hot devices the mode becomes extremely stable. The matrix element Ej, which governs the coupling between the 2/l and 3/l tearing modes, has virtually no variation with major radius due to its very weak dependence on pressure. On the other hand, the element HZ3, which governs the coupling of the 2/l tearing mode to the 3/l twisting mode, has a strong variation with major radius due to its & dependence.
The 2/l tearing mode locks to either the 3/l tearing resonance or the 3/l twisting resonance, depending on its initial rotation frequency, ~2'. For 0; < 03 + h,(oi -03) the locking is to the twisting resonance (assuming w3f>wf). Otherwise, the locking is to the tearing resonance. Here, X,=(1 + [E~312/jH2312>-' [see Eq. (47) ]. It can be seen from Table III that as the major radius increases, locking to the tearing resonance becomes more likely. For ReZ2.0 m, the twisting resonance disappears, so locking to the tearing resonance occurs at all values of U$ in this regime.
The parameters bf and b-, defined in Eq. (42c), govern the nature of locking to the 3/l tearing and twisting modes, respectively. (Note that surfaces 1 and 2 in Sec. IV B are equivalent to surfaces 2 and 3 here.) In Table III these parameters are calculated assuming that 0: -W; = w: , as discussed previously. According to Sec. IV B, if bfel there is very little driven tearing amplitude at q=3 prior to locking [see Eq. (50a)]. However, as the locking threshold is exceeded, there is a sudden bifurcation to a state where the driven tearing amplitude is given by Eq. (45b). As b+ is increased, the transition from the initial to the final state becomes gradually less sudden, until there is eventually no bifurcation, and there is substantial tearing amplitude driven at q=3 even in the initial state. In the absence of the twisting resonance, the bifurcation disappears for b' > l/z =0.1925." Locking to the twisting resonance at q=3 is, likewise, governed by the parameter b-. It can be seen from Table III (42) and (43), the critical 2/l tearing amplitude for locking to the tearing resonance at q=3 is of order A@~,], whereas the critical amplitude for locking to the twisting resonance is approximately A/]H2$ Table III shows values of the dimensionless quantity A=Al(aB,,) evaluated as a function of major radius. It can be seen that the critical 211 tearing amplitude needed to lock to the q=3 resonances decreases rapidly with increasing machine dimensions.8
The data shown in Table III is calculated for qa=4.5. ft is found that increasing the edge-q tends to favor locking to the twisting resonance, since the local beta at q=3 rises, leading to an increase in the coupling coefficient H,,. Conversely, decreasing the edge-q tends to favor locking to the tearing resonance.
VII. SUMMARY AND CONCLUSIONS
A. The form of the dispersion relation
The tearing resonance at q=3 disappears when the parameter c +, defined in Eq. (48), becomes greater than unity. Likewise, the twisting resonance disappears when c->l, where c-is defined in Eq. (49). Table III indicates that the tearing resonance is present at all major radii, whereas the twisting resonance is only present in small, relatively cold tokamak plasmas.
A dispersion relation has been derived for resistive modes of arbitrary parity in a tokamak plasma [see Eqs.
(lo)]. In a plasma containing N rational surfaces (resonant with a given toroidal mode number n) there are, in general, 2N independent resistive modes. It is convenient to resolve a general mode into components of N basis tearing modes and N basis twisting modes. The jth basis tearing mode (1 =GjG&') is defined to have unit tearing amplitude and zero twisting amplitude at rational surface j (rational surfaces are numbered in order of increasing minor radius), with zero tearing or twisting amplitude at any other surface. Likewise, the jth basis twisting mode has unit twisting amplitude and zero tearing amplitude at surface j, with zero tearing or twisting amplitude at any other surface. Here, the tearing amplitude at surface j is basically the even (with respect to the rational surface) component of the perturbed normal resonant magnetic field, whereas the twisting amplitude is the odd component (see Appendix A for more exact definitions).
In the limit b++l, locking to the 3/l resonance gives
The intrinsic stability and mutual interactions of the N rise to an increase in the stability index for the 2/l tearing basis tearing modes are specified by a real symmetric NXN mode by Table III indicates that This can be achieved for a large aspect ratio, low-p, weakly locking to the 3/l tearing mode gives rise to a modest further shaped tokamak equilibrium using the recently developed T7 destabilization of the 2/l tearing mode at all major radii. In code, as described in FHMR.8 In a plasma with a monotonic very small devices, locking to the 3/l twisting mode also safety factor profile containing no rational surfaces resonant gives rise to modest destabilization of the 2/l mode, but this with poloidal mode number 112 = 1, the jth basis tearing mode effect attenuates rapidly with increasing R,.
is made up of G(l) of the poloidal harmonic resonant at rational surface j (poloidal mode number mj, say), with f(e) sideband poloidal harmonics (i.e., mj+l coupled by toroidicity and pressure, mj+2 coupled by the ellipticity of equilibrium flux surfaces, and mj+3 coupled by flux surface triangularity). Here, the inverse aspect ratio, ~41, is the ratio of the minor and major radii of the plasma. The jth diagonal element of the E+ matrix, which governs the intrinsic stability of the jth basis tearing mode, is made up of the standard cylindrical tearing stability index for the mj/n mode" plus a fly& correction. The off-diagonal elements of the E+ matrix, which govern interaction between different basis tearing modes, are F(e). At high poloidal mode number (mj%l), the jth basis tearing mode becomes localized in the vicinity of rational surface j, but the sideband harmonics remain 6(e) with respect to the resonant harmonic. In this limit, the jth diagonal element of the Ef matrix asymptotes to -2mj (i.e., the jth basis tearing mode becomes very stable), whereas the off-diagonal elements become Berni). See Sets. II B and V B for more details. The intrinsic stability and mutual interactions of the N basis twisting modes are specified by another real symmetric N X N matrix known as the E-matrix (see Sec. II B). In a low-p plasma the ordering v--F(z), where it is the Mercier index related to the well-known Mercier stability criterion: -v>0,15 can be exploited to greatly simplify the calculation of this matrix, as described in CHT" and Appendix A. In a plasma with a monotonic safety factor profile, the jth basis twisting mode is made up of al) of the mj poloidal harmonic, localized inside the resonant layer at surface j, with /(a) of the mjtl sideband harmonics, and only C(d) of the mj harmonic, exterior to the layer. Here, (Y is a 63~) parameter proportional to the local pressure gradient at rational surface j. The jth diagonal element of the E-matrix, which governs the intrinsic stability of the jth basis twisting mode, is made up of a stabilizing term emanating from the layer at surface j plus an G(g) destabilizing correction. The layer term is due to the effect of plasma compressibility, and scales like @?Su3 (where /3 is the usual ratio of plasma and magnetic pressures, and S is the magnetic Reynolds number). The off-diagonal elements of the E-matrix are zero, indicating that there is no direct interaction between different basis twisting modes. At high poloidal mode number, the jth basis twisting mode becomes localized in the vicinity of rational surface j, but the relative magnitudes of the various poloidal harmonics inside and outside the layer remain the same. In this limit, the destabilizing correction to the jth diagonal element of the E-matrix is @Jmj), so the jth basis twisting mode can become intrinsically unstable when c?mjZfil). See Sets. II B, II C, and V D for more details.
It is clear from the above discussion that the jth basis tearing mode is the generalization of the mj/n cylindrical tearing mode in toroidal geometry, whereas the jth basis twisting mode is the toroidal generalization of the mjln resistive interchange mode.
The interaction of the N basis tearing modes with the N basis twisting modes is governed by a real NX N matrix known as the H matrix (see Sec. II B). In a low-p plasma the ordering v-r (2) can again be exploited to greatly simplify the calculation of this matrix (see Appendix A). In a plasma with a monotonic safety factor profile the H matrix is tridiagonal. The jth diagonal element, which governs the interaction of the jth basis tearing and twisting modes, is G(l) and proportional to the local current gradient at rational surface j. The off-diagonal elements, which govern the interaction of basis tearing and twisting modes with resonant poloida1 mode numbers differing by unity, are &'(a). At high poloidal mode number, the diagonal elements remain C(1) but the off-diagonal elements become @amj). See Sets. II B and V C for more details.
The responses of the resistive layers at the N rational surfaces in the plasma to tearing and twisting parity perturbations from the outer region are specified by the diagonal matrices A+ and A-. (The jth diagonal element of A+ specifies the response of the jth layer to a tearing parity perturbation, and the jth diagonal element of A-specifies the response to a twisting parity perturbation.) It turns out that the responses of resistive layers to external perturbations are resonant in nature. '9'38 That is, there is virtually no tearing or twisting amplitude driven in a layer unless the external tearing or twisting parity perturbation rotates in a certain very narrow band of frequencies. The optimum frequency for externally driven tearing amplitude at surface j is equal to the "natural frequency" of the jth basis tearing mode (i.e., the propagation frequency of the uncoupled, intrinsically unstable jth basis tearing mode). Likewise, the optimum frequency for externally driven twisting amplitude at surface j is equal to the natural frequency of the jth basis twisting mode. Typically, the natural frequencies of the jth basis tearing and twisting modes differ by order of the local electron diamagnetic frequency at surface j. In addition, sheared rotation and diamagnetic flows in the plasma ensure that the natural frequencies of basis modes associated with different rational surfaces do not match up.
In Appendix B the response of a resistive layer to an external perturbation is investigated in detail, and the model layer dispersion relations (17) and (22a) are derived. In addition, an expression for the stabilizing contribution to the diagonal elements of the E -matrix, due to plasma compressibility, is obtained [see Eq. (20) ]. Appendix B is largely concerned with the effects of anomalous plasma viscosity and plasma compressibility. However, many other effects are neglected for the sake of clarity. Among the important effects which are left out of the analysis are finite ion-Larmor radius, field-line curvature,20 diamagnetism39 (excepting the different propagation frequencies of tearing and twisting modes), and trapped particle destabilization.22 The neglect of these effects is justified, to some extent, because none of them modify the resonant nature of the layer response, which is the crucial factor governing the interaction of the various resistive modes in the plasma.
B. Low-n stability Low-n stability is investigated in Sets. III, IV, and VI of this paper. It is found that the differing natural frequencies of basis tearing and twisting modes, due to sheared rotation and diamagnetic flows, lead to the effective decoupling of the 2N basis modes at low amplitude. Now, at low-n, the basis twisting modes are all intrinsically stable due to the dominant stabilizing effect of plasma compressibility. So, at low amplitude only the intrinsically unstable basis tearing modes are of practical interest.
At finite amplitude, an intrinsically unstable basis tearing mode exerts nonlinear electromagnetic torques at the various rational surfaces in the plasma which act so as to bring the different natural frequencies of basis tearing and twisting modes closer together. This process eventually allows modes to develop which have finite tearing or twisting amplitude simultaneously at more than one rational surface in the plasma. These "compound" modes are always found to be more unstable than the basis modes from which they are constructed. In a conventional tokamak plasma this process takes place in a highly discontinuous manner. Below a certain threshold in mode amplitude, there is some bringing together of the various natural frequencies, but they still remain sufficiently disparate to decouple the basis modes. However, as the threshold amplitude is exceeded, there is a discontinuous change in the plasma toroidal rotation profile, leading to the "locking" together of the natural frequencies of basis modes associated with two or more rational surfaces in the plasma. This allows the formation of compound modes.
An intrinsically unstable basis tearing mode can "lock" the natural frequency of either the tearing or the twisting basis mode associated with a given rational surface. However, it is unable to lock both frequencies simultaneously, because they are generally substantially different. It follows that after locking the perturbed magnetic field in the immediate vicinity of the surface possesses either pure tearing or pure twisting parity (i.e., there is either substantial driven tearing amplitude, or substantial driven twisting amplitude, at the surface, but not both at the same time). The locking of a surface in tearing parity leads to the formation of a symmetric chain of magnetic islands whose width is proportional to the square root of the mode amplitude.40 Locking a surface in twisting parity leads to the formation of a much narrower chain of "skewed" magnetic islands whose width is directly proportional to the mode amplitude. Thus, locking a surface in twisting parity is likely to cause less degradation of the plasma confinement than that caused by locking it in tearing parity.
Section VI examines the implications of the above results for Ohmically heated tokamaks. It is found that in large, relatively low-p (see Table I ) devices, compound modes are likely to have tearing parity at all of the coupled rational surfaces, whereas in small, relatively high-p devices, compound modes may have twisting parity at some (but not all) of the coupled surfaces. Compound modes with some twisting parity surfaces are more likely to occur in auxiliary heated plasmas, which generally have higher p values than Ohmic plasmas.
C. High-n stability High-n stability is investigated in Sec. V At large toroida1 mode number, basis tearing modes become highly stable, whereas basis twisting modes can become unstable for ncr*Zfl(l).
The dominant coupling is that between basis tearing and twisting modes whose resonant poloidal mode numbers differ by unity. This coupling is mediated by the off-diagonal elements of the N matrix, which are CQzn).
Other couplings, for example, those between different basis tearing modes, or those between basis tearing and twisting modes of the same resonant poloidal mode number, are negligible in the high-n limit.
In Sec. V the close spacing of coupled rational surfaces at high n is exploited to simplify the analysis. A dispersion relation is constructed for a periodic mode which repeats after every fourth rational surface [see Eqs. (75)]. The mode structure also repeats every second surface with a 180" phase shift. The structure is, in general, significantly different at neighboring surfaces. This type of mode is a generalization of the conventional low-p resistive ballooning mode, whose structure repeats at every surface with a 90" phase shifL3' In fact, the conventional ballooning mode is only obtained in the analysis of Sec. V when the difference in natural frequencies of basis tearing and twisting modes is negligible.
At low amplitude, the generalized mode has twisting parity at all of the coupled rational surfaces, and is significantly more stable than a conventional ballooning mode. However, as a certain critical mode amplitude is exceeded, there is a bifurcation to a new mode structure which has significant driven tearing amplitude at every alternate surface. After the bifurcation, the stability of the mode becomes the same as that of a ballooning mode, but its structure is still significantly different. The driven tearing amplitude leads to the formation of (Rutherford type) island chains at every alternate surface. The driven islands form an interlocking structure in which the 0 points on a given chain line up with the X points of neighboring chains (see Fig. 2 ). This type of structure is likely to severely degrade the plasma confinement.
D. Conclusions
It is clear that the conventional approach of neglecting twisting parity modes at low wavelength" [i.e., n-4(1)] is only appropriate in extremely low-p plasmas.17 In fact, many Ohmically heated plasmas are not sufficiently low /? for this approximation to be valid, and it is almost certainly invalid in auxiliary heated plasmas. The conventional approach of neglecting tearing parity modes at short wavelength7 [i.e., n%@(l)) is never appropriate, although under certain circumstances this approach yields the correct twisting mode stability index. APPENDIX A: PHYSICS OF THE OUTER REGION
The marginally stable ideal-MHD equations
The coordinate system (r,&+), where 4 is the toroidal angle, 0 is an angle-like variable in the poloidal plane, and r is a flux-surface label with dimensions of length, is chosen so that the magnetic field lines appear straight. The Jacobian for these coordinates is given by41
where R is the major radius and R, is the average major radius of the outermost plasma flux surface. For an axisymmetric equilibrium the magnetic field B can be written where Ba is the vacuum magnetic field strength at R =R, .
The safety factor, the slope of the field lines in the 19-4 plane, is then given by rgtr) q(r)= Rof( r) * 643)
The perturbed magnetic field 6B is completely specified by two sets of flux-surface functions, t&(r) and Z,(r), Here, the prime denotes differentiation with respect to r, and p(r) is the plasma pressure.
Throughout the bulk of the plasma the perturbed field is governed by the marginally stable equations of ideal magnetohydrodynamics (MHD), which take the form: 
6413)
The layer equations are assumed to be parity conserving (see Appendix 13).14 This is reasonable because the principal parity breaking effects, which are associated with radial gradients in the equilibrium plasma current and pressure, are generally not important in the layer. Let According to Eq. (A8) the Mercier index v is e"'(P) in the adopted ordering scheme. It can be seen that there are many terms in Eqs. (A9) and (A21) which depend on v-l, suggesting that the zero curvature limit u+O is nonuniform. In fact, this limit is perfectly well behaved, as is easily demonstrated by making the substitutions It is useful to define the quantities* tA')j,
where WT is termed the "tearing amplitude" at surface j and 9,: is the associated "twisting amplitude." The tearing amplitude is sometimes referred to as the "reconnected flux." It follows from (A16) that A,:( W) = AW;/ 'P,: , 64593) where A,? (0) is the tearing parity layer dispersion relation at surface j, and A,,(w) is the associated twisting parity dispersion relation. Equation (A26) simplifies to
The system has 2N degrees of freedom (i.e., two degrees for each rational surface in the plasma), so a general mode can be built up from a linear superposition of 2N independent basis modes. It is convenient to define N basis tearing modes, denoted +!$ (for j= 1 to N). These are solutions of Eqs. (A6) which satisfy the physical boundary conditions at r=O and r= a and are subject to the additional constraints: AW, =H&.
Thus, the jth basis tearing mode has unit tearing amplitude and zero twisting amplitude at surface j, with zero tearing or twisting amplitude at any other surface. It is also convenient to define N basis twisting modes, denoted +F. These are 
where use has been made of (A28), (A33), and (A35). In the above, E' is the NXN real symmetric matrix of the E$ values, H is the N X N real matrix of the Hij values and Ht is its transpose, A '(o) is the N X N complex diagonal matrix of the A,+(o) values, and 7Vt is the 1XN complex vector of the TF values.
Basis tearing modes
The construction of the basis tearing mode solutions and evaluation of the elements of the E * matrix, using the ~7 
for mk=mj+l, and Hjk=O for mk#mjtl.
In Eq. (A42) the functions Z,j and #,,,, need only be evaluated to leading (i.e., cylindrical) order in E. Now, in the cylindrical limit ThUS, the Offdiagonal elements of the H matrix can be evaluated using standard cylindrical basis functions.
Basis twisting modes
Consider the jth basis twisting mode solution, satisfying (A31). According to (A23), (A24), (A27), and (A38) the resonant harmonic is F(3), whereas the two toroidally coupled sidebands are G(E) and satisfy lo where use has been made of (A45).
Let I,&.,, be a solution of the cylindrical tearing mode equation (A46) (for poloidal mode number mj t 1) in the interval Ocr<rj which satisfies the physical boundary conditions at r=O, and is subject to the constraints where use has been made of (A54). It can also be shown that E,=&(g) fO'ormk#VZj, so for a monotonic q profile the Ematrix is diagonal to P(2). Equation (A22c) yields 
Conclusions
The general dispersion relation for tearing and twisting modes in a plasma containing N rational surfaces takes the form:
where Et is an NX N real symmetric matrix, H is an NXN real matrix and Ht is its transpose, A '(o) is the N X N com-plex diagonal matrix of the A,?(w) values, and 1Ir' is the 1 XN complex vector of the 'I'; values. Here, AT (0) is the tearing parity dispersion relation for the layer at rational surface j, and A]:(w) is the corresponding twisting parity dispersion relation (see Appendix B); ?,? is the "tearing amplitude" (i.e., the reconnected flux) at surface j, and q,y is the associated "twisting amplitude."
The Et matrix, which determines the intrinsic stability and mutual interaction of tearing modes, can only be evaluated by solving the full coupled mode equations (A6). For a low-p, comparatively weakly shaped plasma this is possible using the ~7 code, as described in FHMR. The E-matrix, which determines the intrinsic stability of twisting modes, and the H matrix, which determines the coupling of tearing and twisting modes, are more easily evaluated using a combination of standard cylindrical basis functions and data readily obtained from the ~7 code. It has been demonstrated how all matrix elements appearing in the dispersion relation (A62) can be evaluated to the accuracy required by the T7 ordering scheme; i.e., diagonal elements to @(z), and offdiagonal elements to G(e) (for plasmas with monotonic 4 profiles).
The E-matrix is found to be diagonal (assuming a monotonic q profile), indicating that twisting modes do not couple to one another directly. The diagonal elements are p'(P), and are driven exclusively by the equilibrium pressure gradient. The H matrix is found to be tridiagonal, indicating that twisting modes couple to tearing modes with the same poloidal mode number (via the equilibrium current gradient), and also to tearing modes with mode numbers which differ by unity (via the equilibrium pressure gradient). , where (r, 0,~) are standard right-handed cylindrical polar coordinates, R0 is the simulated major radius, and x= (r -rs)/rs is the normalized radial distance from the rational surface q(r,) =m/n. The safety factor is written q = rB,,IR,B *, where [OS &r),B,,] is the equilibrium magnetic field, and the magnetic shear is defined s=r(dq/dr)/q. The hydromagnetic, resistive, and viscous time scales at the rational surface are written ~~=(ROl&JJluop(r,)lns(r,), rR=w-~/q(r,h and TV = rzp( rs)/pLI(rs), respectively, where p is the plasma mass density, ~1 the parallel resistivity, and ,u~ the perpendicular viscosity. Finally, the Doppler shifted layer frequency is defined w' = o-wo, where w is the externally imposed rotation frequency of perturbed quantities and w. is the "natural" frequency determined by local equilibrium plasma flows. Note that the layer equations (Bl) are parity conserving; i.e., they are invariant under the transformation x--+--x, ++ 4, $+Z $. This implies that the twisting parity mode [4(-x) = 4(x), $(-x) = -$(x)1 completely decouples from the tearing parity mode [4(-x) = -4(x), 9(-x) = I+%(X)] inside the layer. 
Note that in a compressible layer the two parities can be distinguished in Fourier transform space because of different boundary conditions applied to the perturbed pressure. Thus, (B7) is only likely to hold when plasma compressibility is negligible.
B. High viscosity solutions
Tokamak plasmas are observed to possess anomalously large perpendicular viscosity with an effective momentum diffusivity similar in magnitude to the anomalous energy diffusivity.31,44 It follows that Sv%l (i.e., rR%-rv) is the most physically relevant ordering of layer parameters.23
Consider the limit V3S2v91, in which Eq. (B2) reduces to the standard Whittaker form45 d*x 1 g-4 u2x-ax=0 038) for tu\<,(V3S2v)'/4, where x=k& a=-exp(ir/4)(1/ 2)( V3/v)l'2 and u=exp( -irr/8)~?(V~S'v)"~k.
For small U, the solution which is regular as n+m is written C. Low viscosity soiufions
The low viscosity ordering of layer parameters Svdl (i.e., rR<crv) is only relevant to the relatively cold edge regions of tokamak plasmas. In the limit V3S%l, Eq. (BZ) can be transformed into Eq. (B8) with a-( V3/v)*'2*lq It follows that in this limit the dispersion relation reduces to the ideal-inertial result.
Consider the limit V3S-+ 1, in which Eq. (B2) reduces to (B13) for ksf?(l), with the solution (B14). For k?@l), Eq.
(B2) takes the form d2& dU2=
where u=(V3S)1'4k. In the limit S"'*V/V~ '~, >~, Eq. (BI8) can be transformed into Eq. (Bl5) and the dispersion relation reduces to the viscoresistive form. In the limit S"2v,W33/2%l, Eq. (B18) can be transformed into the standard Whittaker form, and the solution which is regular as U+W has the small-u asymptotic behavior The constant-+ approximation'2 is valid whenever the resistive diffusion rate across the layer exceeds the Doppler shifted mode frequency w'. This yields the criterion (~24) for the validity of the approximation. It is easily demonstrated that regimes (III) and (IV) are constant-$ using Eqs. (B21)-(B24).
In Fig. 4 the boundaries of the various regimes are plotted in P-Q space, where P=Sv and Q=S"3]V]. In Ohmitally heated tokamaks (P-10, o'--o*,) resonant layers usually lie in the viscoresistive regime. In tokamaks heated by unbalanced neutral beam injection (NBI) relative rotation velocities can become sufficiently large to allow layers to enter the ideal-viscous regime.23 In edge plasmas the viscosity parameter P becomes less than unity but generally remains large enough to prevent layers from entering the resistiveinertial regime. 4S3'4. 0325) This is equivalent to the resistive-inertial limit of Sec. 1 of this appendix, which is the relevant limit for resistive modes in an inviscid plasma. It is concluded that plasma compressibility does not affect the dispersion relation for tearing parity modes.
The twisting parity dispersion relation in an inviscid, compressible, single-fluid plasma takes the form47*48 $=-exp(isgn(di)3~)(~)s'4 / i 1-ut+iQ, r(i) US) ut+ 32) 1
in cylindrical geometry, where Ac=2.124p;%"3, 
A-=2.704 exp( i sgng(v)Tj F, IVl4V,.
So, for I VI % V, , (B26) asymptotes to the tearing parity dispersion relation (B25). On the other hand, for IVleV,,
reduces to a typical resistive interchange dispersion relation.14 It can be demonstrated that the imaginary part of A-is zero when IVl=0.5615VC and Re(A-)=1.130Ac.
This corresponds to the marginal stability point for the undriven interchange mode. For A-<1.130AC there are no intrinsically unstable roots of (B26), whereas for A->1.130Ac the resistive interchange mode becomes intrinsically unstable with a typical growth rate ~T~--V, . Equations (B28) suggest that the response of a twisting parity layer to a rotating external magnetic perturbation is similar to that of a tearing parity layer, except when the imposed frequency lies within a typical interchange growth hydromagnetic, resistive, and viscous time scales, respectively (see Sec. 1 A of this appendix). The natural frequency 00' is the propagation frequency of the uncoupled drift tearing mode, and is determined by local equilibrium fluid flows.
In a typical Ohmically heated tokamak plasma the response of twisting parity layer to a rotating external magnetic perturbation is well approximated by A-(o)= -2.104i(w-00) q+A ', 0336) where 5-y"
Ac=2.104P;t2 m3 is the critical twisting parity stability index needed to destabilize the resistive interchange mode. The parameter fit is a measure of the stabilizing effect of plasma compressibility [see (B27d)]. In Eq. (B36), 00 is the natural frequency for twisting parity modes (i.e., the propagation frequency of the uncoupled resistive interchange mode). In general, the difference between & and 4 is of order the local electron diamagnetic frequency.
